The drift-reduced Braginskii model describing turbulence in the tokamak scrape-off layer is written for a general magnetic configuration with a limiter. The equilibrium is then specified for a circular concentric magnetic geometry retaining aspect ratio effects. Simulations are then carried out with the help of the global, flux-driven fluid three-dimensional code GBS [Ricci et al., Plasma Phys. Controlled Fusion 54, 124047 (2012)]. Linearly, both simulations and simplified analytical models reveal a stabilization of ballooning modes. Nonlinearly, flux-driven nonlinear simulations give a pressure characteristic length whose trends are correctly captured by the gradient removal theory [Ricci and Rogers, Phys. Plasmas 20, 010702 (2013)], that assumes the profile flattening from the linear modes as the saturation mechanism. More specifically, the linear stabilization of ballooning modes is reflected by a 15% increase in the steady-state pressure gradient obtained from GBS nonlinear simulations when going from an infinite to a realistic aspect ratio. V C 2014 AIP Publishing LLC. [http://dx
The drift-reduced Braginskii model describing turbulence in the tokamak scrape-off layer is written for a general magnetic configuration with a limiter. The equilibrium is then specified for a circular concentric magnetic geometry retaining aspect ratio effects. Simulations are then carried out with the help of the global, flux-driven fluid three-dimensional code GBS [Ricci et al., Plasma Phys. Controlled Fusion 54, 124047 (2012)]. Linearly, both simulations and simplified analytical models reveal a stabilization of ballooning modes. Nonlinearly, flux-driven nonlinear simulations give a pressure characteristic length whose trends are correctly captured by the gradient removal theory [Ricci and Rogers, Phys. Plasmas 20, 010702 (2013) ], that assumes the profile flattening from the linear modes as the saturation mechanism. More specifically, the linear stabilization of ballooning modes is reflected by a 15% increase in the steady-state pressure gradient obtained from GBS nonlinear simulations when going from an infinite to a realistic aspect ratio. 
I. INTRODUCTION
The physical understanding of the scrape-off layer (SOL) is of crucial importance for determining the performance of future fusion devices such as ITER. This region, characterized by open field lines terminating on a limiter or on a divertor, exhausts the tokamak power, controls the plasma fueling and the impurity dynamics, affecting the overall plasma confinement.
In the SOL, the collision frequency is usually large, thus allowing to neglect off kinetic effects. It is therefore reasonable to use a fluid [1] [2] [3] or a gyro-fluid model 4, 5 to describe the plasma dynamics in this regime. As the typical amplitude of fluctuations in the SOL is comparable to the background values, one needs a full-n model that does not separate between equilibrium and fluctuation quantities. Furthermore, since the characteristic length of the fluctuations in the SOL is comparable to the background one, a radially global approach is necessary. Then, a flux-driven model is preferred over a fixed-gradient model because the former is closer to experimental conditions, where profiles result from a balance between sources and losses and are a-priori unknown, exhibiting richer physics such as the appearance of avalanches 6 and self-consistent interactions between the background and the fluctuations. Such fluid flux-driven simulations have emerged, [6] [7] [8] [9] allowing to simulate SOL plasma turbulence and shedding light on the crucial physical phenomena at play in this region. In a recent publication, 10 it has been shown that the gradient-removal theory is able to predict relatively well the sustainable pressure gradient inside the SOL for 3D fluid simulations in limited geometry. The validity of this theory has been further confirmed in a large number of turbulent electrostatic regimes 11 as well as in electromagnetic simulations. 12 Although the importance of including a realistic magnetic equilibrium to study turbulence has been known since the early 1980s, 13 only a small number of studies have been carried out in the SOL with an advanced geometry. The mirror force has been found to play an important role in the SOL of MAST, 14, 15 while the aspect ratio dependence of the parallel flow profile in the SOL has been investigated in a 2D particle code. 16 Aspect ratio effects are thought to play an important role in determining the characteristic crosssectional area of the SOL and explain in part the improvement of confinement when moving the toroidal limiter from the low-field-side to the high-field-side of the tokamak. 17 In the plasma edge, a reduction of transport due to elongation is observed in gyrofluid turbulence, 18 while some aspect ratio effects in collisional drift wave turbulence are briefly discussed in Ref. 19 . Magnetic shaping also affects the edge propagation of geodesic acoustic modes, which extract the zonal flows energy, thus enhancing turbulence levels. 20, 21 While some codes have the capability to treat arbitrary magnetic shapes, most of the studies focus on comparisons with experiments (through the coupling of a turbulence code with an equilibrium solver) rather than studying the specific effects of shaping on turbulence. The aim of this work is to study aspect ratio effects on SOL fluid turbulence. First, the drift-reduced Braginskii equations used to evolve the SOL plasma dynamics are derived in arbitrary magnetic geometry. A magnetic equilibrium with circular flux surfaces retaining finite aspect ratio effects 22 is then prescribed. The effects of this particular geometry are studied on the growth of linear modes and, by using the 3D global fluid code GBS 7 and the gradient removal theory, a detailed analysis of nonlinear simulations including finite aspect ratios is carried out. In particular, aspect ratio effects are introduced in a simple linear dispersion relation describing the most basic features of resistive ballooning modes (RBMs). This analytical model is able to predict the behaviour of linear modes in the system. It is also demonstrated in this paper that, through the comparison with nonlinear simulations, the gradient removal theory is able, using only a linear dispersion relation, to predict aspect ratio effects on the nonlinearly sustained pressure gradient. Therefore, the main result of this work is an analytical method to predict aspect ratio effects on the SOL width: By decreasing the amplitude of the curvature at the low field side of the tokamak with respect to the infinite aspect ratio case, aspect ratio effects reduce the linear growth of ballooning modes. This in turns leads to a decrease of the SOL width.
The paper is organized as follows. In Sec. II, the driftreduced Braginskii equations are derived in a general axisymmetric magnetic field configuration. The magnetic geometry studied in this work allows to pinpoint finite aspect ratio effects and is detailed in Sec. III. In Sec. IV, the impact of aspect ratio effects on the linear growth rate of the SOL unstable modes is studied. Nonlinear simulations using the GBS code 10 are then presented in Sec. V and results are compared with predictions of the gradient removal theory. Finally, conclusions are drawn in Sec. VI.
II. FLUID MODEL IN THE SOL

A. Fluid moment equations
The study of the SOL presented in this paper is based on the two-fluid, electrostatic, cold ion (T i ¼ 0) driftreduced Braginskii equations. By assuming that the orderings d=dt ( x ci (x ci ¼ eB=m i is the ion gyrofrequency) and k ? ) k k hold over the whole domain, the perpendicular velocities are written as V ?i ¼ V EÂB þ V pol and V ?e ¼ V EÂB þV Ãe , where V EÂB ¼ ðÀr/ Â BÞ=B 2 is the EÂB drift velocity, V Ãe ¼ Àð1=enB 2 ÞB Â rp e is the electron diamagnetic drift, e is the elementary charge, and V pol is the polarization velocity defined in Ref. 3 . The continuity, vorticity, ion, and electron parallel momentum and electron temperature equations then read, in normalized form
where R 0 is the tokamak major radius expressed in q s0 units,
Þ is the parallel current, b ¼ B/B is the unit magnetic field vector, is the normalized Spitzer resistivity, and v k is the parallel heat flux diffusivity given as an input constant. Quasineutrality is assumed such that n e ¼ n i n. Plasma outflow from the closed flux surface region is mimicked using density and temperature sources, respectively, S n and S T e . The G e and G i terms represent the gyroviscous part of the pressure tensor and are given by
where g 0i and g 0e are constant coefficients given on input. Furthermore, the vorticity equation has been obtained using the common Boussinesq approximation
Small perpendicular diffusion terms of the form D a r 2 ? a are added for numerical reasons. Perpendicular laplacians are assumed to lie in the poloidal plane (see Appendix A). The curvature operator is defined by CðAÞ ¼ B=2 ½r Â ðb=BÞ Á rA, the parallel gradient is r k A ¼ b Á rA, the perpendicular laplacian is r 2 ? A ¼ Àr Á ½b Â ðb Â rAÞ and the Poisson bracket is ½/; A ¼ b Á ðr/ Â rAÞ. The normalizations are (tilde denotes quantities in physical units): t ¼t= ðR 0 =c s0 Þ; r ? ¼r ? q s0 ; r k ¼r k R 0 ; v ¼ṽ=c s0 ; n ¼ñ=n 0 ; T e ¼T e =T e0 ; / ¼ e/=T e0 ; ¼=ðc s0 m e =R 0 m i Þ, with c s0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi T e0 =m i p and q s0 ¼ c s0 =x ci where x ci is evaluated with the magnetic field at the magnetic axis, while T e0 and n 0 are the reference temperature and density.
The above system of equations is implemented with a proper set of boundary conditions to describe the interface between the SOL and the magnetic pre-sheath where the ion drift approximation d=dt ( x ci breaks down. 23 At the top and at the bottom of the limiter, these are, in normalized units, The system of equations presented in this paper considers, with respect to the system of equations presented in Ref. 7 , an arbitrary magnetic field configuration. The modulus of the magnetic field B, the divergence of the unitary magnetic field vector r Á b, the differential operators r k , r 2 ? as well as the curvature operator C and the Poisson bracket operator ½/; A depend on the particular form of the magnetic field vector B. The magnetic field configuration enters therefore in Eqs. (1)- (5) through six operators
where the Einstein summation convention is assumed, ijk is the Levi-Civita tensor, fn i g ¼ fn 1 ; n 2 ; n 3 g is an arbitrary set
. These operators can be computed by knowing the covariant and contravariant coordinates of the magnetic field and the metric tensor for any coordinate system.
The general axisymmetric form for the magnetic field is considered in this study
where w is the poloidal flux function, which is in general a solution of the Grad-Shafranov equation, FðwÞ describes the toroidal magnetic field and u is the toroidal angle.
C. Coordinate systems
Turbulence is often represented in the toric coordinate system ðx ¼ r; y ¼ ah Ã ; z ¼ R 0 uÞ, where r is a flux coordinate, a is the tokamak minor radius, and the straight-fieldline angle h Ã is defined as
h is a poloidal coordinate and q(r) is the safety factor qðrÞ ¼ 1 2p
The straight-field-line angle is such that B Á rh Ã ¼ qðrÞBÁ ru. In other words, magnetic field lines are straight in the ðh Ã ; uÞ plane. A model implementation in the (x,y,z) coordinate system is usually simple but the parallel dynamics must be treated carefully as the grid is not aligned with magnetic field lines. In order to take advantage of the strong anisotropy of turbulence, it is computationally efficient to use coordinates that are aligned with the magnetic field. One can define a field-line label a ¼ u À qðrÞh Ã , from which the flux-tube coordinates X ¼ r; Y ¼ ða=q 0 Þa; Z ¼ q 0 R 0 h Ã are derived, with q 0 qðaÞ a reference safety factor. The (X,Y) plane is perpendicular to the magnetic field, and Z becomes a fieldaligned coordinate. Due to long parallel wavelengths, turbulent simulations can be performed at low Z resolution which strongly reduces the computational time. However, the nonperiodicity of the a coordinate requires some complicated treatment in global geometry for the boundary conditions. 24 Operators (9)- (12) can be written in advection form
where ½/; A XY ¼ @A=@X@/=@Y À @A=@Y@/=@X. Equivalent expressions are found with the coordinate system (x,y,z). Note that the above relations are global and only assume the axisymmetry of the magnetic field. Each coefficient is therefore a function of x and y. The detailed expressions of the operators are derived in Appendix A. All the magnetic equilibrium information is contained in these coefficients. In practice, implementing a new magnetic configuration is equivalent to finding the expression (whether analytical or numerical) of these coefficients. An example is given in Sec. III.
III. CIRCULAR MAGNETIC FLUX SURFACES WITH ASPECT RATIO EFFECTS
In the present paper, a magnetic equilibrium with circular magnetic surfaces, retaining finite aspect ratio effects is considered. The local inverse aspect ratio, noted , is defined as ¼ r=R 0 , where R 0 is the major radius of the tokamak. The magnetic field is completely defined by setting FðwÞ ¼ B 0 R 0 and the shape of magnetic surfaces
where (R c , Z c ) are standard cylindrical coordinates in the poloidal plane. The poloidal flux w wðrÞ can be expressed as a function of the safety factor through Eq. (17), giving w 0 ðrÞ ¼ B 0 r= qðrÞ, where q is a pseudo safety factor such that qðrÞ ¼ qðrÞ= ffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 À 2 p . In this geometry, the ðr; hÞ coordinates coincide with the usual polar coordinates. The straight-fieldline can be analytically computed from Eq. (16)
from which it is trivial to see that lim !0 h Ã ¼ h. A circular, concentric model is a solution of the Grad-Shafranov equation if the latter is expanded up to first order in at b ¼ 0 and the Shafranov shift is negligible. This model is therefore not appropriate for low aspect ratio tokamaks R 0 =a Շ3. Mathematically, this is expressed by the fact that h Ã is not defined for ! 1 as can be seen in Eq. (24) . In practice, implementing an equilibrium means computing the metric tensor and the magnetic field components associated with the chosen coordinate system. First, the covariant metric tensor in ðh; r; uÞ coordinates is obtained from Eqs. (22)- (23), for example, g rr ¼ ð@R c =@rÞ 2 þ ð@Z c =@hÞ 2 . The contravariant metric tensor in ðh; r; uÞ coordinates is then obtained by inverting the covariant one. The contravariant metric tensor coefficients for ðh Ã ; r; uÞ are then given by
whereŝ ¼ rq 0 ðrÞ=qðrÞ is the magnetic shear,
and the Jacobian associated with the metric tensor is
The covariant metric tensor can be easily calculated as a function of the contravariant one, for example,
The contravariant component of the magnetic field for a coordinate n i is given by B i ¼ B Á rn i and the associated covariant component is given by
. For the present geometry,
Using the covariant and contravariant components of the metric tensor and the magnetic field as well as the derivatives of these coefficients, the coefficients in the operators (18) to (21) can be analytically obtained. Their detailed expressions are given in Appendix B for both toric and flux tube coordinate systems.
The model used in earlier studies of the SOL 7, 12, 23, 25 adopted the usual s À a geometry 26 which describes circular concentric surfaces in the large aspect ratio limit ! 0. In this model, the modulus of the magnetic field, B, is assumed constant and the straight-field-line angle is approximated to the poloidal angle h, where q(r) is the safety factor. It is shown in Appendix C that the model considered here and the s À a models are equivalent in the ! 0 limit.
In the remaining of the paper, the equilibrium will be approximated to be local in the radial direction. In particular, the inverse aspect ratio is evaluated at the last closed surface, i.e., ¼ a=R 0 and the safety factor is constant throughout the simulation domain.
IV. LINEAR ASPECT RATIO EFFECTS
The influence of finite aspect ratio effects on the growth of linear unstable modes is now investigated. To this aim, the drift-reduced Braginksii equations (1) to (5) are linearized, assuming an equilibrium density and temperature profile dependent on the radial coordinate only. Each physical quantity A is therefore split according to A ¼ A 0 ðXÞ þ dAðY; ZÞ, where A 0 is a local radial equilibrium at r ¼ a and dA is the perturbation. The equilibrium gradient is defined by @A 0 =@X ! ÀA 0 =L A , where L A is the characteristic length of the field A. By setting / 0 ¼ v ke0 ¼ v ki0 ¼ 0, the plasma equilibrium is defined through a density and temperature gradient. The linearised drift-reduced Braginskii equations are
where laplacian and the curvature operator. In flux-tube geometry, they read
It has been checked analytically and numerically that P YZ ; C Z and N Y are small and can be neglected.
In order to study the growth of linear modes in a limited SOL configuration, a numerical code, described in Ref. 25 , has been developed. Perturbations are imposed to have the form dAðZÞexp½iðk Y Y þ ctÞ and the Z coordinate is discretized using 4th order centered finite differences. Dirichlet boundary conditions are applied for the perturbed potential, density, and temperature, while no boundary conditions are imposed for the ion and electron velocities. Various types of boundary conditions have been tested for ballooning modes and drift waves and no significant impact on the growth rate was found. Note that this contrasts with global modes such as ideal ballooning modes for which the boundary conditions are important. 12 The Z (resp. Y) coordinate is normalized to R 0 (resp. q s0 ). The resulting linear system is integrated implicitly in time, and the growth rate c is extracted as a function of the phase space parameters ðR 0 =L n ; g; ; q; ; k Y Þ.
The linearized equations (34)- (38) are able to describe inertial and resistive drift wave modes, due to the E Â B convection in the presence of non-adiabatic electrons, as well as inertial and resistive ballooning modes, driven unstable by the unfavorable curvature in the low-field side region. A thorough linear study of these linear instabilities can be found in Ref. 25 and, in Ref. 11 , it is shown that RBMs dominate for typical limited SOL parameters. In the following, a set of parameters representative of this instability is considered. Parameters are g ¼ 1, q ¼ 4,ŝ ¼ 0; ¼ 0:1, and R 0 /L n ¼ 10. In essence, RBM eigenfunctions have a bell shape peaking around h Ã ¼ 0 in the parallel direction with k k ! 1=ðqR 0 Þ. Also, artificially removing the curvature operator leads to a strong decrease of the growth rate.
Note that magnetic equilibrium effects influence the linear dynamics through four distinct mechanisms: the E Â B convection expressed by the ð1=BÞ½/; A operator, the parallel convection, described by the r k þ r Á b operator, the (1/B) C(A) operator, and finally the vorticity operator expressed by ð1=B 2 Þr 2 ? . Aspect ratio effects may be studied by introducing corrections, one by one, inside these different operators in the linearized Braginskii equations while keeping all the other parameters fixed. A scan in ðk Y ; Þ is performed and the maximum growth rate over k Y is selected for each value of . It is observed that the peak growth rate shifts from k y ¼ 0.62 to k y ¼ 0.89 for ¼ 0 and ¼ 0:25, respectively. However, it is noted that the growth rate is fairly flat around its peak in k y . Results are summarized in Fig. 1 . Introducing effects in the parallel gradient enhances the growth rate while the opposite effect is seen in the (1/B) C(A) operator. The presence of aspect ratio effects in the Poisson brackets and the vorticity operator does not affect the growth rate significantly. Overall, when all aspect ratio effects are included, the growth rate is reduced by 20% at ¼ 0:25. The qualitative behavior of each curve can be explained by looking at a simple analytical dispersion relation describing the main features of RBMs
The dispersion relation is obtained by setting @=@Y ! ik Y ; @=@t ! c; r k ! ik k , keeping the leading term in , and assuming a strongly ballooned mode around h Ã ¼ 0. This allows to expand the differential operators 
It has been checked that the scalar r Á b does not influence linear growth rates significantly. The dispersion relation then writes
In the large resistivity limit, the instability is a pure interchange mode with a growth rate c ¼ c I , resulting from the combination of the pressure gradient drive and the magnetic curvature operator. Finite k k effects introduce a damping on the mode through the c D coefficients. In the following analysis, the value of k Y will be kept constant, independent of . This assumption is appropriate since, in the linear simulations of the "full" system presented above, the growth rate is very weakly dependent on k Y close to its peak. From Eq. (45), aspect ratio effects on the E Â B convection operator will decrease the drive by a small factor ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ð1 À 2 =2Þ p . The parallel damping term c D will be decreased by a factor ð1 À Þ 2 ffi ð1 À 2Þ according to Eq. (46) and this should result in a higher growth rate. Finite aspect ratio effects in the (1/B) C(A) operator should decrease the growth rate as c I ffi ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2ð1 À ÞR 0 =L p p . Finally, the vorticity operator should slightly increase c I by a factor 1=ð1 À 2 =2Þ and c D by a factor 1=ð1 À 2 Þ, leading in a slight increase of the growth rate c. All these dependences are qualitatively reproduced in Fig. 1 . effects can be described as a balance between a decreased parallel damping and a reduced curvature drive, while other effects are of higher order in . Simulations show that this behavior is independent of the toroidal mode number. Remark that a similar reduction of the curvature operator jCðAÞj ¼ jC ¼0 ðAÞ À j has been obtained in Ref. 27 .
The right panel of Fig. 1 displays the same analysis for a density gradient value of R 0 /L n ¼ 70. In this case, the growth rate peak shifts from k y ¼ 0.62 to k y ¼ 0.57 when going from ¼ 0 to ¼ 0:25, respectively. At this density gradient value the fastest linear instability in the system is linearly unstable for resistive drift waves (RDW). Results are qualitatively similar, however the quantitative change of about 5% in the growth rate for ¼ 1=4 is much smaller compared to the RBM case. This is because the curvature plays a minor role in setting the amplitude of the instability. The eigenfunctions exhibit a finite k k and extend over the whole h Ã domain. As a matter of fact, an analytical estimate of aspect ratio effects is more difficult to obtain than in the RBM case. In particular, aspect ratio effects on the parallel gradient operator seem to have a very small impact on the growth rate. Similarly to the RBM case, the second order effects in the Poisson bracket and vorticity operators do not affect the growth rate significantly.
V. ASPECT RATIO EFFECTS ON NON-LINEAR SIMULATIONS A. Implementation and simulation setup
The circular flux surface geometry with aspect ratio effects described in Sec. III has been implemented in the GBS code, initially developed to perform simulations in basic plasma physics devices [28] [29] [30] [31] and then ported to the s À a tokamak geometry. 26 GBS results have been validated against experimental data from the TORPEX device. [32] [33] [34] The main properties of the GBS code are briefly summarized here for completeness. More details can be found in Ref. 7 . The toric coordinate system ðx ¼ r; y ¼ ah Ã ; z ¼ R 0 uÞ is employed and all the magnetic field quantities, including the safety factor, are radially local. Eqs. (1) to (5) are integrated in time with a 4th order Runge-Kutta algorithm. At each substep, the spatial derivatives in the r.h.s. of the equations are evaluated using second order centered finite differences, except for the Poisson bracket terms evaluated with the Arakawa scheme. 35 The main subtlety appears in the parallel gradient. Although fields are discretized on a grid that uses the toroidal and straight-field-line coordinates, the parallel gradient is computed along the field line as described in
where now the coefficient qb
; Dj ¼ N y =ðqN z Þ and N y (resp. N z ) are the number of grid points in the y (resp z) direction. In the present implementation Dj is constrained to be an integer. The second order parallel gradient is approximated as
and the small term proportional to @ðqb h Ã R 0 Þ=@f has been neglected as it is usually extremely small.
After each substep of the fluid moments integration, the potential is obtained from the vorticity by solving the Poisson equation x ¼ r 2 ? /, and boundary conditions described in Sec. II A are imposed. The 3D arrays are parallelized in the x and z direction using a standard message passing interface (MPI) domain decomposition. The Poisson solver is trivially parallelized in the z direction using the parallel (on the x communicator) direct solver MUMPS. 36 Equations (9)- (14) can be expressed in (x,y,z) coordinates but further approximations on the Poisson bracket operator (see Appendix C) and on the perpendicular laplacian (see Appendix A) allow to save significant central processing unit time.
Simulations are initialized with flat radial profiles and smooth poloidal profiles consistent with the boundary conditions described in Sec. II A. A small perturbation is then superimposed on top of them. After the simulation starts, the localized injection of density and temperature produces enough free energy to trigger a number of unstable modes that develop into turbulence. The simulations will therefore experience a transient phase followed by a quasi steady-state given by the interplay between the plasma sources, perpendicular transport, and parallel losses at the limiter plates. There is no separation between the background gradient and the fluctuations: the profile gradients are a-priori unknown and are extracted from the time-averaged data over the quasi steady-state.
GBS simulations have a fixed aspect ratio given by GBS ¼ 2pR 0 =L y , where R 0 and L y ¼ 2pa are specified in q s0 units on input. A fully consistent aspect ratio scan would imply to vary either R 0 (in other words the amplitude of the Poisson brackets) or L y (in other words the plasma size q Ã ¼ q s =a). In order to remain focused on the equilibrium effects only, the aspect ratio effects entering the various operators are handled with an aspect ratio parameter that is varied separately from the other parameters. Its value is then scanned from the "s À a" value ¼ 0 to the realistic value ¼ R ¼ L y =ð2pR 0 Þ. Simulations for ¼ 0; 1=8; 1=5; 1=4 have been performed where the last value corresponds to the real aspect ratio. The other physical parameters are q ¼ 4,ŝ ¼ 0; L x ¼ 100; L y ¼ 800; R 0 ¼ 500; ¼ 0:1; m i =m e ¼ 200. The value of is consistent with typical values from experiments. The ion to electron mass ratio is smaller than the physical due to the Courant-Friedrichs-Lewy (CFL) constraint imposed by the explicit time integrator. This unphysical value could potentially affect the simulations results as it enhances the inertial branch of drift waves and ballooning modes. However, as the inertial branch becomes important if cm i =m e > , 28 in the considered parameter regime, the resistivity value is sufficiently high that one is far away from the resistive-inertial transition (see Ref. 11) . Thus, the artificial high value of m i /m e does not influence the results. The source terms S n and S T e in Eqs. (1) and (5) have a Gaussian shape centered at x S ¼ 30 with a characteristic width r s ¼ 5 and have an amplitude of 1. The source profiles are flat in the y direction but decay exponentially at a distance of 40q s from the top and bottom limiter. As these source terms mimic the outflow of plasma from the closed flux surface region, the simulations are physically meaningful for x > x S . In a previous work, 10 the source strength was varied by a factor of four without significant changes in the dynamics. The shape of the source has been changed as well, without significantly impacting the results. The following numerical parameters were used for the simulations: N x ¼ 128; N y ¼ 512; N z ¼ 64; Dt ¼ 2 Á 10 À4 R 0 =c s . g 0i and g 0e have a fixed value of 4 in this work. g 0i is formally equal to 0 in a cold ion model, but a finite value is used for numerical stability; the value of g 0e used in GBS is usually larger than the physical one by 2 to 3 orders of magnitude. It has been checked that its influence on the simulation is very limited. v k describes the amplitude of the parallel diffusive heat flux. GBS simulations typically use v k ¼ 1, much smaller than the Braginskii value. However, the simulations presented in this work are in the sheath-limited regime, where the parallel electron temperature gradient is small. The value of v k has therefore little influence on the results and it has been checked that an increase of v k by one order of magnitude does not modify the results. Finally, all the perpendicular diffusion coefficients have been set to 5. It is noted that reasonable values (of order unity) of the diffusion coefficients do not modify the results.
B. The gradient removal theory
In previous publications, 7, 12 it has been demonstrated that the gradient removal turbulence saturation mechanism theory 10 leads to predictions of the SOL steady-state gradient in agreement with simulation results and experimental data. 37 The main features of this theory are briefly summarized here for completeness. The main hypothesis is that the linearly unstable modes saturate when the gradient associated with the perturbation equals the background one. This condition writes @dp=@r $ @p 0 =@r and the turbulence saturation occurs when dp=p 0 $ r x =L p , where r x is the radial extension of the perturbation. Non-local linear theory 30, 38 gives r x $ ffiffiffiffiffiffiffiffiffiffiffi k y =L p p . Then, using the leading order term in the pressure equation, i.e., @p=@t $ ½/; p, the radial E Â B flux can be expressed as C $ p 0 c=k y , where c and k y are, respectively, the growth rate and the poloidal wave number of the instability that dominates the transport. Finally, the nonlinear steady state can be written as a balance between the divergence of the perpendicular turbulent fluxes @ r C ? $ C=L p and the parallel flux at the limiter plates
within the hypotheses that L n ffi L T and that turbulence is dominated by the mode that maximises the transport. This equation is a prediction of the pressure characteristic length in limited SOL plasmas and can be tested against numerical simulations. For this purpose, the values of L y ; m e =m i ; q; and of the nonlinear simulations are used as input in the linear code to obtain the growth rate of the linear modes in the system. The value of g is extracted from the 4 different non-linear simulations, and a scan in (k y ,L n ) (assuming
For each L n value, the k y value that maximizes c=k y is used and Eq. (55) is solved for L p .
C. Simulations results
Typical snapshots of the pressure profiles are displayed in Fig. 2 . Turbulent eddies are produced at the source location and are transported radially outwards. The peak pressure increases with increasing while the value toward the right edge of the domain remains unchanged. The left panel of Fig. 3 shows the time evolution of the radial, poloidal, and toroidal average of R 0 /L p for the 4 different aspect ratios. The bursty behavior of turbulence is clearly seen on these curves. The standard deviation is roughly constant for all cases and is around 0.55. The time window to evaluate steady-state profile must be larger than the typical period of a burst and long enough to have a good statistic. For all cases, steady-state profiles are computed over a time window of 50 R 0 /c s , in a source free region of width 45q s in x and containing the full domain in y and z. The steady-state value is R 0 /L p ¼ 11.2, 11.4, 11.7, and 12.8 for ¼ 0; 1=8; 1=5; 1=4. In other words, decreasing the aspect ratio tends to increase the steady-state pressure gradient by 15% when going from the cylindrical to the realistic aspect ratio. The right panel of Fig. 3 shows the steady-state pressure radial profile and fits obtained with expressions of the form p $ expðÀðx À x S Þ=L p Þ. These fits describe well the numerical profiles.
The steady-state pressure gradient of these nonlinear simulations can be compared with the predictions of the gradient removal theory, Eq. (55) and are summarized in Table  I . Good qualitative agreement is found for all simulation cases and the trend observed in nonlinear simulations is recovered by the gradient removal theory. According to these results, the gradient removal theory predicts that as is increased, the gradient sustained inside the SOL increases. This change is due to the reduction of the growth rate as the poloidal wavelength of the mode maximizing c=k y is unchanged by aspect ratio effects according to both the gradient removal theory and the nonlinear simulations. In order to explain this result, the type of instability that dominates turbulent transport is characterized. A set of linear simulations using the density and temperature gradients obtained in nonlinear simulations have been performed in order to identify which is the dominant instability. To this aim, four simplified models 25 are used, in which either the resistivity or the electron inertia, and either the ballooning drive or the drift wave coupling have been neglected. These four models are limiting cases that describe the inertial drift wave, the inertial ballooning mode, the RDW, and the RBM. For each of these instabilities, a k y scan is performed and it is supposed, in accordance with the gradient removal theory described above, that the instability with the maximum c=k y is the dominant one in nonlinear simulations. This procedure has been rigorously verified in a significant portion of the phase space ðq; m e =m i ;ŝ; Þ 11 and is displayed in Fig. 4 for the ¼ 0 case. Clearly, the resistive ballooning mode is the dominant instability over the whole k y spectrum, confirming previous findings. 11 The same result is obtained for the other scan values.
Another way to distinguish between drift waves and ballooning modes in nonlinear simulations is described in Ref. 39 . Both types of instabilities occur in the presence of an E Â B convection down a pressure gradient but the energy transfer channel is different. For drift waves, it is a (small) breaking of electron adiabaticity that allows a perturbation to grow, while, in the ballooning case, the energy transfers through the curvature operator. As a result, the phase shift between the potential and the pressure should be close to 0 for drift wave dominated turbulence, while it should be close to p=2 for ballooning-mode dominated turbulence. Fig. 5 shows the probability distribution function (pdf) of the phase between the perturbed potential and the perturbed electron pressure as a function of k y . The pdf is normalized to the pressure k y spectrum amplitude such that the k y modes that contribute most to the transport are enhanced. The plot shows that the phase is located around p=3. This value, although not exactly equal to p=2, reflects a relatively pronounced ballooning character of the turbulence.
Having now established that the simulations are dominated by ballooning modes, one is now able to give an explanation to the increase of R 0 /L p when turning on aspect ratio effects. The linear dispersion relation described in Sec. IV predicts a stabilization of linear ballooning modes with increasing , while the k y mode maximizing c=k y remains unchanged. Therefore, according to the gradient removal theory, the gradient sustained in nonlinear simulations increases with . This is indeed what is observed in GBS nonlinear simulations. Fig. 6 shows the poloidal profile of 1/L p normalised to its poloidal average. Beside a steepening of the average pressure gradients observed when finite aspect ratio effects are taken into account, one observes that the steepening is stronger on the part of the SOL above the equatorial midplane ðy > L y =2 ¼ 400Þ than in the one below ðy < L y =2 ¼ 400Þ. This results from the E Â B convection of a steeper profile from the low-field side equatorial midplane to the y > 0 part of the SOL.
Aspect ratio effects do not seem to have any other measurable effect on the turbulence. An additional analysis reveals that the fluctuation level increases by approximately 2% when going from ¼ 0 to ¼ 0:25, and that the pdfs of the perturbations look extremely similar once normalised to the variance. The ballooning character and the radial correlation length are also similar between the different simulations. This similarity between the different simulations is explained by the relatively mild impact of aspect ratio effects on the equilibrium gradient.
VI. CONCLUSIONS
In the present work, the aspect ratio effects in circular geometry on SOL turbulence in a limiter configuration have been investigated. Results can be summarized as follows. First, the Braginskii equations have been extended to a general magnetic geometry, and the expression of the various differential operators has been given for an arbitrary set of coordinates. This constitutes a general framework to describe SOL turbulence in a more complex magnetic equilibrium in the future. In this work, one has focused on a circular flux surface configuration retaining aspect ratio effects. A linear analysis has revealed that aspect ratio effects stabilize pressure gradient driven modes. In more details, it is shown that the overall effect is mainly a balance between the destabilizing effects of the modified parallel gradient operator and the stabilizing effect of the (1/B) C operator. This trend is recovered analytically by a simplified model describing ballooning modes. While the stabilization occurs for both RBM and RDW, the effect is more important on ballooning instabilities for which the curvature plays a major role. Then, the nonlinear simulations of SOL turbulence in limited configuration, carried out with the flux-driven fluid code GBS, confirm that the turbulence level is set according to the gradient removal theory. The pressure gradient, sustained in a nonlinear steady state by the interplay mechanism between a mimicked source from the core, turbulent perpendicular transport and parallel losses at the limiter sheaths, is related to the linear properties of the unstable modes present in the system. In this paper, the trend of GBS simulations is qualitatively reproduced by the gradient removal theory predictions, and it is shown that including aspect ratio effects increases the steady-state pressure gradient by 15%. This result is supported by a simple analytical dispersion relation describing the main features of ballooning modes, instability that is dominating transport for the phase space parameters considered. The other features of turbulence do not seem to be significantly affected by aspect ratio effects.
More generally, this work stresses the fact that finite aspect ratio effects on the SOL width in limited plasma seem to be well described by the gradient removal theory. This work therefore illustrates the fortunate situation where the impact of a change in one of the phase space parameter (for instance in the aspect ratio) on the SOL width does not affect the nature of the driving instability and therefore it can be qualitatively predicted using a simple dispersion relation. Future work will try to extend this result to a wider class of magnetic configurations, such as plasmas with Shafranov shift, elongation, and triangularity.
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APPENDIX A: OPERATOR COEFFICIENTS IN GENERAL GEOMETRY
The coefficients derived in this section are computed from the contravariant and covariant metric in ðr; a; h Ã Þ for the fluxtube geometry and in ðh Ã ; r; uÞ for the toric geometry. In particular, J J h Ã ru ¼ J rah Ã . The coefficients indexed with (XYZ) and (xyz) are obtained by renormalizing the partial derivatives. For example,
The coefficients in Eqs. (18) to (21) for the flux-tube geometry are given by
where c i ¼ b i /B and h Ã is defined by Eq. (24) . For the toric geometry (x,y,z), the perpendicular laplacian is approximated to lie in the poloidal plane to avoid a costly 3D solver. One has
where l; ¼ fh Ã ; rg. In Eq. (A8), terms after r 2 pol on the right hand side of (A8) are neglected. The second one is of order Oð 2 Þ and the other ones are least q s0 =a times smaller than r 2 pol . The general coefficients are then given by The general coefficients given in Eqs. (A1)-(A7) can be written specifically for the magnetic configuration described in Sec. III. The Poisson bracket coefficients are given by
The parallel gradient and r Á b coefficients reads
The curvature operator coefficients are given by
where
; pðÞ ¼ h 0 ðÞ=hðÞÞ. The coefficients for the perpendicular laplacian are given by
Toric coordinate system
The general coefficients given in Eqs. (A10)-(A15) can be written specifically for the magnetic configuration described in Sec. III 
where gðÞ ¼ 2 = q= ffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 À 2 p . The toric geometry differs from the flux-tube one in the fact that local magnetic shear effects are not included in the metric tensor. In flux-tube geometry, shear effects are directly present when computing ra ¼ rðu À qðrÞh Ã Þ. In global geometry, shear effects are introduced by applying the following transformation:
where it is assumed that D SOL ( a where D SOL $ r À a is the SOL width. The main modifications are given by 
APPENDIX C: THE fi0 LIMIT
The coefficients described in Appendix B can be simply computed in the ! 0 limit. For the purpose of this analysis, the flux-tube coordinate system is considered. Similar results are obtained when using the toric coordinate system lim !0 
Assuming that typical turbulence structure have k X $ ffiffiffiffiffiffiffiffiffiffiffi ffi k Y =L p p , 38 k Z $ 1=ðqRÞ; k Y $ 0:1=q s0 ; R 0 =L p $ 10 1 À 10 2 , the terms containing P YZ and P XZ can be neglected. The same kind of argument is used to neglect P yz and P xz in toric geometry.
As lim !0 D Z ¼ 1 the parallel gradient simply becomes r k ¼ @=@Z and lim !0 r Á b ¼ 0 therefore related terms can be neglected.
and one sees that C Z in normalized units is a=q s times smaller than unity and can be therefore neglected. Finally, the coefficients for the laplacian are given by:
Like for the C Z coefficient, N X and N Y are extremely small and are usually neglected
Those terms will all be small as they are multiplied by derivatives in the Z direction giving a ð1=R 0 Þ ( 1 factor. These expressions describe the s À a model without Shafranov shift. Note that earlier implementations of the s À a model in gyro kinetic codes have been found inconsistent, 22 leading to significant differences on the growth rate of ion-temperaturegradient turbulence in the core. The reason was that trapping effects of order were retained in the modulus of the magnetic field only. At the plasma edge, trapping is usually neglected due to the high collisionality and no effects are retained. Therefore, the ordering s À a implementation in GBS is done in a consistent way.
